The notation throughout is the same as that of Gaudry [4] . We shall use without comment the notions of pseudomeasure and quasimeasure and their properties studied in [4] . We define the singular support of a quasimeasure as the complement of the largest open set on which it is a measure. In the sequel we shall abbreviate "locally compact Abelian Hausdorff group" to "LCA group".
Let G be an LCA group with character group X and suppose p, qe [1, oo] with p ^ q. We make the following definition. DEFINITION. If p Φ co 9 denote by L% the space of bounded linear operators mapping L P (G) into L q (G) and commuting with the translation operators:
Tτ y = τ y T (yeG) .
Denote by LZ the space of linear operators, commuting with translation, which map L OO (G) into L TO (G), and which are continuous for the weak (σ(L°°, L 1 )) topology on L°°(G). The elements of L% are called multipliers of type (p,q) . If p Φ °°, L% will be given the usual operator norm: in this case L% is a Banach space. Note that in the case where G = R*, our definition of L% is equivalent to Hormander's definition of L% as given in 1.2 of [6] , Already much work has been done on characterising L% for various values of p and q (see for example Figa-Talamanca [2] , Hormander [6] , Gaudry [4] , Wendel [9] ). Hδrmander [6] studies L% for G = R n . We are largely concerned here with generalisations of Hormander's Theorem 1.12 and Corollary 1.5 and with other related results.
All the interest resides in the case where G is noncompact, so we shall assume this throughout. In order to establish our results, we define the Fourier transform of functions in any L p -space (1 ^ p g ^o). [1, oo] . We show here how to define the Fourier transform of functions in L P (G) where G is any LCA group and 1 S p ^ °°. We use the quasimeasures of Gaudry [4] and define the transform via PlanchereΓs formula.
We assume known the definition and simple properties of the Fourier transform of integrable functions, so we restrict p to the range Kp^oo; then p', the conjugate index, is in the range 1 ^ p f < oo. Throughout this paper / will denote the Fourier transform (resp. inverse Fourier transform) of / whenever fe G G (resp. C x ) and / is defined.
For fe L
P (G), 1 < p ^ cχ>, we define /as the continuous linear form on D(X) (i.e., the quasimeasure on X) given by (D(X) is defined in [4] 
, by the definition of the topology of D(X), f is a continuous linear form on D(X), i.e., a quasimeasure.
Note that in the case of L°°(G), we have Lr(G) c P(X) and that
We remark finally that the Fourier transformation /-•>/ from L P (G) into D'(X) is one-to-one. We need concern ourselves only with the case where 1 <p ^ oo. Suppose then that feL p (G) and that
In order to show that / = 0 a. e., it will suffice to show that & = {£: 
Thus L% is isomorphic to a vector subspace of D'. (We shall often identify L% with this vector subspace of D'.)
We show now how to define the Fourier transform of a quasimeasure s on G corresponding to an element T of L%. Since we know from the extended version of Hormander's Theorem 1.4 that 
an^ it follows that the definition of s\ Ω is independent of the choice of / and g.
It is now clear that if Ω x and Ω 2 are any two open relatively compact subsets of X whose intersection is nonvoid, then s\Ω 1 = s \ Ω 2 on Ω lf] Ω 2 . By using Lemma 1.2 of [4] and an argument similar to that used by Schwartz in proving Theoreme IV, Chapitre I of [7] , we may establish the existence of a unique quasimeasure t on X with the property that t \ Ω = g-(s */)" | Ω for each open relatively compact subset Ω of X and corresponding functions / and g. It is this quasimeasure that we denote by s.
Finally, we note that the mapping s-> s of L% into Ό\X) is oneto-one. For suppose that s e L% and that s -0. Let Ω be any open relatively compact subset of Xand suppose that fe C C (G) with / nonvanishing on Ω. Then clearly, (s * /) Λ | Ω = 0. Write (A^) for an approximate identity in L\G) with kieC c (G); since fc< -> 1 uniformly on compact subsets of X, there exists ί 0 such that if i Ξ> ΐ 0 , ^ is nonvanishing on Ω.
If ge C C (G) and h e D(X) with
, it follows that (s * ^ | β = 0; but ί2 is arbitrary, so (s * g)~ -0 (^ e C C (G)). We noted in 1.1 that the Fourier
is one-to-one. From this we deduce that s * g = 0 (gr e C C (G)). Theorem 3.2 of [4] together with the note following the proof of the theorem, then implies that s = 0.
Following Hormander, we make the following definition. DEFINITION (ueC c ) .
JK
For any compact K c X, and φeL^iX), φ(K f ) -0, we then have
Write φ = σ 9 σe P(G), Then ane L\X), σ*ue L°°(G) and
This means a e L™ = L p ' since p < co and σ == <p e I/'. So from (i) we get p ^ 2. Since MJ = M^,, we have similarly q r ^ 2 (note #' < oo), Thus p ^2 ^q. (iii) ==» (iv). Suppose /e L*(G) to be chosen so that /is not a measure.
Then there exists an open relatively compact subset Ω of X with /| Ω not a measure. Firstly, since p < °o,
bounded. Since g n -*f weakly in I)', we have (g n \Ω) must be unbounded in ΏQ. For if (g \ Ω) is bounded in Z^, the sequence has a vague limiting point in M(Ω) which must coincide on Ω with / since
§»->? weakly in D'(X). (iv) => (iii). If L P (G) c M(X) and Ω is any open relatively compact set in X, the map f-*f\Ω is continuous (by the Closed Graph Theorem) from L P (G) into M bd (Ω):
||/|β|U w u» ^ const. 11/11, (feL p ).
Thus (iv) is not true since ||/| Ω \\ x = ||/| Ω |U W for feC 0 (G).

Hence (iv) -(iii).
(ii)=>(i). If (ii) is true and p > 2, then, for any nonnegative nonnegligible measurable function F, there exists a measurable function φ with I <£> I ^ ί 7 and φ&Mf. Choose any nonnegligible compact subset KaX and F ^ 0 with FeL°°(X), F(K') = 0 and i^7 nonnegligible. Then there exists φ e L°°(X) with \φ\ ^ F and φ ί ikίf, i.e., φ$L p \ which establishes (i). We now have equivalence of (i) and (ii) and of (iii) and (iv). To complete the proof, we show that (iv) => (ii) and (i)=>(iv).
(iv) ==> (ii) is trivial since under the hypothesis F ^ 0, F measurable, i/| S F, f measurable =>feM}, we have, for any compact K c X,
and if (iv) holds, we must have p ^ 2. Similarly, q ^ 2, since M* = (i)=>(iv). If (i) holds, then there exist a compact subset K of X and a pseudomeasure σeP(G) with σ = 0 on i£', σ£M;°. This means there exists a sequence (g n ) in C β (G), bounded in L P (G), with (ίT * g n ) unbounded in L°°, A fortiori, therefore, the transforms
Having established the equivalence of conditions (i) -(iv), we now show that for a large class of groups, we can establish even more than the truth of condition (iii) with the singular support of f the whole of X.
REMARK. If G is an LCA group whose component of 0 is non-compact then G has an infinite discrete subgroup. The same is true if G contains a noncompact, compactly generated subgroup (Hewitt and Ross [5] , (9.8 
)).
Proof. Suppose then that A is an infinite discrete subgroup of G and that the mapping /-
p the following countable family of norms. Let (r n ) be a sequence of real numbers, r n > 2, r n ->2 as n-* oo; define
We have
Further, under the topology defined by this family of norms, V is complete. This is evident from the completeness of L p under the usual norm. Thus, V becomes a Frechet space.
If Ω is any open relatively compact subset of X, then by the Closed Graph Theorem, we have that the mapping /-»/| Ω is continuous from V to M ba (Ω) . This means that there exists r > 2 and a constant λ > 0 such that (2.5.1) J/l/l^λiW) (feV).
The subgroup A is discrete; so there exists a symmetric neighbourhood U of 0 in G such that the sets a + 2U, (αe A), are pairwise disjoint. Suppose (α Λ )Γ is any countably infinite subset of A and that
Hence, by (2.5.1), Σc n χ(a n )f 0 (χ) \Ω converges in LI and λisr r (/ 0 )(Σ I ^ l r ) 1/r . ί But I / 0 (χ) I ^ 1 for χ G β, so it follows that X c n χ(a n ) \ Ω converges in LI and
L
Hence if geL°°(X) and g -0 on β', it follows that (X) , by virtue of (2.7.2). If F Ξ£ 0, then for some open relatively compact subset Ω of X, F(χ) Φ 0 on Ω, and so \F\ is bounded away from 0 on Ω. This means that (g n \ Ω)T is bounded in M hd (Ω) , and so must have a weak limiting point in M hd (Ω) .
But 
